We study realizations of the exceptional non-linear (quadratically generated, or Wtype) N = 8 and N = 7 superconformal algebras with Spin(7) and G 2 affine symmetry currents, respectively. Both the N = 8 and N = 7 algebras admit unitary highestweight representations in terms of a single boson and free fermions in 8 of Spin (7) and 7 of G 2 , with the central charges c 8 = 26/5 and c 7 = 5, respectively. Furthermore, we show that the general coset Ansätze for the N = 8 and N = 7 algebras naturally lead to the coset spaces SO(8) × U(1)/SO(7) and SO(7) × U(1)/G 2 ,respectively, as the additional consistent solutions for certain values of the central charge. The coset space SO(8)/SO(7) is the seven-sphere S 7 , whereas the space SO(7)/G 2 represents the sevensphere with torsion, S 7 T . The division algebra of octonions and the associated triality properties of SO(8) play an essential role in all these realizations. We also comment on some possible applications of our results to string theory.
Introduction
Infinite conformal symmetry in two dimensions is the fundamental underlying symmetry of string theory [1] , and it plays an essential role in the understanding of the critical behaviour of two-dimensional physical systems. Similarly, supersymmetric extensions of the infinite-dimensional conformal algebra underlie various superstring theories. For example, space-time supersymmetric classical vacua of superstring theories in various dimensions are described by extended superconformal field theories. Extended superconformal symmetry also has applications to integrable systems and to topological field theories as well [2, 3] .
The finite-dimensional (global) subgroup of the two-dimensional conformal group SO(2, 2) is not simple, and it decomposes as SO(2, 2) ≃ SO(2, 1) × SO(2, 1), with the two SO(2, 1) factors acting on left and right movers, respectively. This allows one to have different number of supersymmetries in the left and right moving sectors. A complete classification of supersymmetric extensions of the finite-dimensional global conformal group in two dimensions was given in [4] . However, not all finite-dimensional (global) superconformal algebras admit extensions to infinite-dimensional linear superconformal algebras with generators of non-negative conformal dimensions. The maximal number (N) of supersymmetries such linear infinite superconformal algebras can have is four [5, 6, 7, 8] .
It is possible to have supersymmetric extensions of the Virasoro algebra with N > 4, while retaining the requirement that the generators have non-negative conformal dimensions. However, the price one has to pay is either to have a non-linear superconformal algebra, as in the Bershadsky-Knizhnik algebras [9, 10] , or introduce field-dependent structure constants, as in the so-called soft N = 8 algebra introduced in ref. [11] and 2 further studied in refs. [12, 13, 14, 15] . The soft N = 8 algebra appears as the algebra of first-class constraints in the Green-Schwarz superstring action in ten dimensions [12] .
Such field-dependent 'structure constants' also appear in the symmetry algebras of the two-dimensional locally supersymmetric non-linear sigma-models (NLSMs) with N > 4, where they may even become non-chiral due to non-trivial mixing between the left-and right-moving modes via dilaton couplings, when the number of supersymmetries exceeds eight [16] . The Grassmannian symmetric spaces
SO(8, m) SO(8) × SO(m)
m ≥ 1, (1.1) appear as solutions for the N = 8 locally supersymmetric NLSM target manifolds [17, 18] . The soft algebras usually have no restrictions on their central extensions, while their 'structure constants' are, in fact, functions on the target manifold.
The N-extended superconformal algebras of the type introduced by Bershadsky and Knizhnik [9, 10] comprise generators of conformal dimension 2, 3/2 and 1 only. They contain (i) the Virasoro subalgebra, (ii) N real supercurrents of conformal dimension 3/2, whose operator products give the stress tensor of dimension 2, symmetry currents of dimension 1, and terms that are quadratic in the symmetry currents, (iii) satisfy the Jacobi 'identities', and (iv) have the usual spin-statistics relation. Under the requirement of reductivity, a complete classification of such algebras was given in refs. [19, 20] .
Being "reductive" means that they linearise in the limit when their central charges go to infinity. In this limit, the infinite-dimensional vacuum-preserving algebra becomes a finite superalgebra containing the finite (global) conformal algebra. Thus, the full classification of such non-linear superconformal algebras [19, 20] follows from the classification of finite-dimensional (global) superconformal algebras given in ref. [4] . There are three infinite classical families (for either the right-or the left-moving modes) , osp(N|2; R) , su(1, 1|N) , osp(4 * |2N) , (1.2) a one-parameter family of the N = 4 algebras, and two exceptional superconformal algebras with N = 7 and N = 8 supersymmetries.
All the extended superconformal algebras can be viewed as arising from the quantum hamiltonian (Drinfeld-Sokolov-type) reduction of affine Lie superalgebras [21] . In particular, the vacuum-preserving subalgebras of the N = 7 and N = 8 exceptional superconformal algebras in the limit of infinite central charge are the exceptional finite Lie superalgebras G(3) and F (4) (in the Kač notation [22] ). 3 Hence, it is not surprising that the quantum hamiltonian reduction of the affine Lie superalgebras G(3) and F (4) just yields the N=7 and N=8 superconformal algebras, respectively [21] . The orthogonal and unitary series of eq. (1.2) are often referred to as the Bershadsky-Knizhnik superconformal algebras [9, 10] . The non-linear N = 4 superconformal algebras were first obtained from the linear N = 4 superconformal algebra by factoring out four free fermions and one boson [27, 28] . The infinite classical family of non-linear superconformal algebras corresponding to su (1, 1|N) for N > 2 does not admit unitary representations of the highest-weight type [9, 29] . Similarly, the non-linear superconformal algebras corresponding to the symplectic series osp(4 * |2N) do not admit unitary representations for N > 1 either [20] . The BRST operators of the Bershadsky-Knizhnik-type superconformal algebras were studied in refs. [30, 31, 32] .
The main purpose of our investigation in this paper is to study possible coset space realizations for the N = 7 and N = 8 exceptional superconformal algebras. Thereby 3 See refs. [23, 24, 25] for details about the G(3) and F (4). Another real form of F (4) corresponds to N = 2 superconformal symmetry in five space-time dimensions [26] .
we will also answer the question as to whether or not there exist rational (unitary) superconformal field theories with the 'exceptional' N = 7 or N = 8 supersymmetry.
When using the method of quantum hamiltonian reduction, the standard Wakimoto construction known for any affine Lie (super)algebra [2, 3] allows one to obtain a free field (Feigin-Fuchs) representation for any extended non-linear superconformal algebra [21] . Though being practical for a calculation of the screening operators as well as the correlation functions in superconformal field theory, using this method for constructing unitary highest-weight irreducible representations requires some additional techniques.
For example, one still needs to find zeroes of the Kač determinant associated with a given (Verma) module and its null (singular) vectors, which may be a hard problem for the extended superconformal algebras at large N. On the other hand, the coset construction can, in principle, answer the question of existence of rational superconformal field theories in a relatively simple and straightforward way. Therefore, we shall assume that all the conformal fields in our construction come from the gauged (1,0) supersymmetric
Many of the results about unitary highest-weight representations of the linear N = 2 and N = 4 superconformal algebras were obtained in the past by using known results concerning superconformal algebras with lower N. In the non-linear case, this method is obviously of a limited use, since the naive tensoring of representations is no longer valid. Thus we shall use the coset space method directly, in studying the unitary highestweight representations of the exceptional non-linear superconformal algebras. The coset construction is well-known to be a powerful tool in the two-dimensional (super)conformal field theory [33] , and it is presumably able to deliver all rational theories (modulo a permutation of fusion rules, or making an orbifold from the coset by modding it with 5 respect to a dicrete not-free-acting symmetry [2, 3] ). The generalizations of the coset space method are known for the N = 2 extended supersymmetry [34] , as well as for the N = 4 supersymmetry [35, 36, 37, 38] . Though the coset space methods were invented to study representations of the linear extended superconformal algebras, they have also been extended to the non-linear N = 4 superconformal algebras as well [35, 36, 37, 38] .
Our paper is organized as follows. In sect. 2, we provide the necessary algebraical and group-theoretical background in seven and eight dimensions, which simultaneously introduces our notation. In sect. 3, we review the non-linear N = 7 and N = 8 superconformal algebras, using the language of the operator product expansions (OPEs). Our main results about the N = 8 and N = 7 coset constructions are presented in sect. 4.
Our conclusions are summarized in sect. 5. The two appendices provide relevant identities for the octonionic structure constants (Appendix A), and some details about the supersymmetry part of the N = 8 exceptional superconformal algebra (Appendix B).
2 A review of the properties of octonions, their automorphism group and gamma matrices in seven dimensions
In this section we shall review some known results about the division algebra of octonions, its automorphism group G 2 , and gamma matrices in seven dimensions. These results will be used in later sections, in our study of the exceptional superconformal algebras.
Division algebra of octonions
Many of the special properties of various mathematical structures in seven and eight dimensions are related to the octonions. The eight-dimensional division algebra of oc-6 tonions O is one of the four division algebras that exist over the real numbers. An arbitrary octonion q can be expanded as [39] 
q aêa , all q a are real numbers , (2.1) whereê 0 = 1 represents the identity element, and the imaginary octonion unitsê m , m = 1, 2, . . . , 7, satisfy the multiplication rulê
with C mnp being the totally antisymmetric structure constants. The seven imaginary units close under commutation. However, they do not form a Lie algebra under commutation due to the non-associativity of octonions. The 'Jacobian' of three elements is given by
where the non-vanishing totally antisymmetric tensor C mnpq is defined as
The tensor C mnpq is dual to the tensor C mnp in seven dimensions:
We use the basis given in ref. [39] , for which the constants C mnp read as: 6) while all the other non-vanishing components are determined by the total antisymmetry.
Given eq. (2.6), the non-vanishing (equal to one) components of C mnpq are given by the 4 We do not distinguish between co-and contra-variant indices. All (anti)symmetrizations are defined with unit weight.
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following values of (mnpq) [24] :
(1, 2, 7, 6) , (1, 2, 4, 5) , (1, 3, 4, 6) , (1, 3, 5, 7) , (2, 3, 7, 4) , (2, 3, 5, 6) , and (4, 5, 6, 7) , (2.7)
with the rest being fixed by the total antisymmetry.
The identities satisfied by the tensors C mnp and C mnpq have been extensively studied in the literature [39, 24, 40, 41, 42, 43] ). Among them, one has
and
A list of other useful identities, extending those found in refs. [39, 40, 41, 42, 43] , is given in Appendix A.
2.2 G 2 , Spin(7) , SO(8) , and Octonions
The automorphism group of octonions is the exceptional group G 2 . The automorphisms together with left and right multiplications by unit octonions generate the group SO(8) [39] . The operation of simultaneous multiplication from the left by a unit octonion q and right multiplication by the octonion conjugateq together with the automorphisms generate the group SO(7) [39] .
The 8×8 gamma matrices γ i ab in seven dimensions, which satisfy the Clifford algebra: The antisymmetric products of gamma matrices are defined as usual, with unit weight, viz.
The antisymmetric self-dual and antiself-dual tensors C ± IJKL , (I, J, . . . = 1, 2, . . . , 8) in eight dimensions will be defined as in refs. [40, 41, 42] :
With the above choices of gamma matrices one finds
(2.14)
A bit more effort is needed to calculate γ ijkl , and we summarize some of the details below. First, it is straightforward to verify that
and, hence,
where we have used eq. (A.3), in particular. Taking now a = m and b = n yields
and taking a = m, b = 8 yields
Thus we find
where we have used eq. (A.2). In fact, we just proved the identity
The explicit formulas for the gamma matrices will be used in the next section.
The matrices γ ij represent the 21 generators J ij of Spin (7) in its eight-dimensional spinor representation. One can extend the spinor representation of Spin (7) to the left handed or right handed spinor representation of SO(8) by adding the matrices ±iγ i [39, 41, 42] . By defining J i = J i8 , the commutation relations of SO (8) can be written
(2.16)
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The automorphism group G 2 of octonions is a 14-dimensional subgroup of SO(7). Under G 2 , the adjoint representation of SO(7) decomposes as 21 = 14 + 7. We shall denote the generators of G 2 as G ij . One can choose a basis for G 2 such that the generators G ij can be expressed in terms of the generators J ij of SO (7) in a simple form [41, 43] :
Eq. (2.17) implies the linear relations 18) and these are just the seven constraints that enforce the generators G ij to span the 14-dimensional vector space [39] . Note also the related identities
The remaining seven generators of SO(7) can be chosen as 20) They are associated with the seven-dimensional coset space SO(7)/G 2 . Therefore, we arrive at the decomposition [43] 
The G 2 generators G ij satisfy the commutation relations [43] :
Furthermore, we have with the generators J i and A i introduced above transforming in the seven-dimensional representation of G 2 . In a G 2 basis, the commutation relations of SO(8) take the form 25) in addition to the commutation relations (2.16), (2.22) and (2.23).
The three eight-dimensional representations of SO (8) are in triality and the subgroup of SO (8) invariant under the triality mapping is G 2 [39] . This is evident from the commutation relations of SO (8) in the G 2 basis above. Note also the following additional identities: 27) where T ij are SO (7) generators. For writing down the non-linear N = 7 superconformal algebra (sect. 3), it is convenient to take the SO (7) generators here in the vector representation [20] ,
Finally, we give a few branching rules for the Spin(7) tensor products, namely
where the 8 stands for the 8-dimensional spinor representation. As far as G 2 is concerned, the only decomposition to be relevant for us is given by
In Table I , we list some basic facts about G 2 , SO(7) and SO(8). 3 Exceptional non-linear superconformal algebras
In this section, we present the defining OPEs for the N = 8 and N = 7 non-linear superconformal algebras following ref. [20] . These algebras can be obtained either via a
Drinfeld-Sokolov-type reduction from affine versions of the exceptional Lie superalgebras F (4) and G(3), respectively [21] , or by purely algebraic methods [19, 20] . Both algebras have generators of conformal dimension 2, 3/2 and 1 only. The N = 8 algebra contains eight supercurrents S M of conformal dimension 3/2, and 21 symmetry currents of SO (7) under which the supercurrents transform in the spinor representation. The N = 7 algebra has 7 supercurrents, and 14 symmetry currents of G 2 . Both algebras contain a single generator of conformal dimension 2, and they are completely fixed by their field content and associativity (the Jacobi 'identities'). Because of their non-linearity, the 'vacuum-preserving' algebra, generated by the modes L 0 , L ±1 , S 
Exceptional N = 8 superconformal algebra
The bosonic part of the N = 8 algebra is a semi-direct product of the affine algebra so(7) k of level k and the Virasoro algebra. The corresponding OPEs are given by
where the adjoint of SO (7) is labeled by a pair of antisymmetric indices, m, n, . . . is the zero-mode of T mn (z).
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Since the N = 8 supercurrents S M (z) transform in the spinor representation of SO (7) and have spin 3/2, we have
3)
The only non-trivial OPE's are the ones corresponding to the products of N = 8 supersymmetry generators which read as follows: We have verified that all the Jacobi 'identities' are satisfied provided that the central charge c of the N = 8 algebra is determined by the level k as follows:
in agreement with refs. [19, 20] . The identities (2.8) and (2.9) were crucial in checking the Jacobi 'identities' for the N=8 algebra. Compared to Bowcock [20] , our supersymmetry generator S M above differs from his , S M B , by an overall scale factor, namely,
It should be stressed that the very existence of such non-linear N = 8 superconformal algebra is highly non-trivial, because several consistency requirements still have to be satisfied in the process of checking the Jacobi 'identities' when all free parameters are already fixed [20] .
Exceptional N = 7 superconformal algebra
The exceptional N = 7 non-linear superconformal algebra is similar to the N = 8 algebra, with the gauge group G 2 instead of SO (7), and seven supercurrents. We shall denote the generators of G 2 as G A and not as M A as we did in the previous section.
The symbol M A will be used for the seven-dimensional representation matrices of G 2 , A = 1, 2, . . . , 14, as given in eq. (2.27), providing the explicit embedding of G 2 into SO(7) [39] . The matrices M A satisfy the properties [20] tr
The bosonic OPEs of the N=7 algebra are
The G 2 currents satisfy [43] 
The generators G ij of G 2 are related to the generators G A given in the previous section
The seven supercurrents S i (z) transform in 7 of G 2 , and satisfy the OPEs
The most important OPE's are again the ones defining the N = 7 supersymmetry algebra, and they read as
We have verified that all the Jacobi 'identities' are indeed satisfied provided that the central charge is given by [19, 20] 
Again, it is fully consistent, in particular, with the results of Bowcock [20] , after taking into account the rescaling
There is a confusion in the literature concerning the relationship between the two exceptional superconformal algebras. The N = 7 non-linear algebra is not a subalgebra of the N=8 non-linear algebra. This can be most easily seen in the limit c → ∞,
where both algebras linearise. The N = 8 algebra contains the finite Lie superalgebra F (4) in that limit, which is its vacuum-preserving subalgebra. On the other hand, the corresponding subalgebra of the N = 7 algebra is G(3). If the N = 7 algebra were a subalgebra of the N = 8 one, then G(3) would have to be a subalgebra of F (4).
However, it is known that this is not the case. It follows from the fact that the smallest non-trivial representations of both Lie superalgebras are their adjoint representations.
If G(3) were a subalgebra of F (4), then this would imply that there be an 9-dimensional (dim ad F (4)−dim ad G(3) = 9) non-trivial representation of G(3), which does not exist [22] .
Exceptional coset constructions
In this section, we shall investigate the possibility of realizing the exceptional superconformal algebras over certain special coset spaces G/H. We adopt here the following conventions: 6 we use the early Latin capital letters for G indices, and the early lower-case Latin letters for G/H indices, A, B, . . . = 1, . . . , dim G, and a, b, .
Letk be (integer) level of affine algebra G realised in terms of (bosonic) currentŝ J A (z). The latter can be thought of as originating from the bosonic WZNW model on the group G [44, 2, 3], and they satisfy the OPÊ
where if ABD are the structure constants of G. Let's also introduce free fermions in the adjoint of G, with the OPE
These free fermions can be thought of as coming from the (1,0) supersymmetric (heterotic) WZNW model on the group G [45, 3] .
The basic idea of coset construction is to construct generators of a given superconformal algebra in terms of the basic fieldsĴ a (z) and ψ a (z) associated with a coset G/H 
The most general Ansatz for the supercurrents of any extended superconformal algebra over an arbitrary coset is given by
where α(k), γ(k) and β(k) are some functions of the levelk, while h (7) transformations in the N=8 case or under the G 2 transformations in the N=7 case.
That is only possible if this tensor is proportional to the delta-symbol, which implies, in particular when γ = 0, that some free fermions ψ a should transform in the same SO (7) or G 2 representation as the N=8 or N=7 supercurrents, respectively.
The tensors h The Ansatz (4.5) is supposed to be completely fixed by the superconformal algebra.
This is known to be the case for the superconformal algebras with N ≤ 4 [33, 34, 35, 36, 37, 38] , and it is expected to be the case in general. In fact, the resulting constraints usually lead to an overdetermined system of equations, so that it is highly non-trivial whether the equations are really consistent and lead to a solution when the number of supersymmetries is larger than four. As we shall show below, there exist very few consistent solutions to these constraints in the case of the exceptional N = 7 and N = 8 extended superconformal algebras.
For the unitary representations to be constructed via the coset space method, the coefficients on the r.h.s. of eq. (4.5) for the supercurrents have to be real, if the fermions are normalised as above and the currentsĴ a are hermitian.
It is straitforward to calculate the OPE that the supercurrents (4.5) satisfy. We find :
where M, N = 1, 2, . . . , 8.
Quite similar equations appear in the case of the N=7 algebra. We find 
They can only contribute to the trace (δ M N -dependent) terms, according to eq. (4.7c).
Moreover, the term quadratic in the coset currents has to be diagonal (i.e. of Sugawara form), since it is going to contribute to the stress tensor T . Therefore, we conclude that Thus, the coset we are looking for, if any, should be (7 + 1)-dimensional, the sevendimensional space being represented by a seven-sphere (the only parallelizable coset space in seven dimensions). Indeed, the very existence of the exceptional N = 8 and N = 7 algebras crucially depends upon unique properties of gamma matrices in seven dimensions, which are related to octonions. One should therefore have expected that the coset spaces in question are to be the ones given by various symmetry groups of octonions. The naive candidates for such cosets would be SO(8)/SO(7) for the N = 8 algebra, which corresponds to the round seven-sphere S 7 , and SO(7)/G 2 for the N = 7 algebra, which correponds to the S 7 T with torsion. However, it is not difficult to convince oneself that these naive coset spaces can not be the right ones. For the N = 8 algebra,
we need supercurrents that transform in the spinor representation of SO (7), which can not be obtained from the currents and fermions on S 7 that transform in the vector representation of SO (7), according to eq. (2.29). For the N = 7 algebra, the naive guess fails due to the fact that SO(7)/G 2 is not a symmetric space, which leads to some unwanted terms in the OPEs. Remarkably enough, a simple extension of the naive coset spaces by a U(1) factor, i.e. adding a circle or '1-sphere' S 1 , leads to the consistent solutions for the above constraints (4.7) and (4.8), as we are going to demonstrate in the rest of the paper. Adding the U(1) current J(z) is equivalent to introducing a scalar field φ(z) since J ∼ ∂φ up to a normalisation constant (cf. ref. [46] where the free-field representations for the orthogonal series of the Bershadsky-Knizhnik non-linear N-extended superconformal algebras were constructed).
A construction of the exceptional N = 8 superconformal algebra over the coset space SO(8) × U (1)/SO(7)
Our starting point is the affine algebra so(8)k ⊕ u(1), defined by the OPEŝ The latter can be represented in terms of a scalar field,Ĵ
Because of eq. (4.12), the currentsĴ m = ±iĴ m8 , m = 1, . . . , 7, satisfy the OPÊ
Associated with the U(1) factor is an additional free fermionic field ψ 8 (z), with the OPE (7), whileĴ 8 is a singlet. The ψ a will transform in the 8 of a Spin(7) algebra to be constructed from fermion bilinears.
Being applied to the particular coset space SO(8) × U(1)/SO(7), our general Ansatz (4.5) for the N = 8 supercurrents can be simplified to 16) where the parameter γ = γ(k) plays the role of a background charge. To simplify the structure of our Ansatz (4.16) even further, we represent the generalised complex structures in terms of the 'extended' gamma matrices to be defined as and allow us to rewrite eq. (4.16) as follows:
The only choice for the generalised torsion coefficients Γ M abc on a seven-sphere is 20) where the coefficientsĀ,B andC are at our disposal.
We thus reduce the problem of a coset space realization for the N=8 algebra to finding a solution for the coefficients (α, β, γ,k 1 ,Ā,B,C) from a consistency of the OPE (4.6) in terms of our Ansatz supercurrents (4.19) with the OPEs of the N = 8 algebra.
In particular, the r.h.s. of eq. 
in the OPE for S m (z)S r (w), and that of the form 
Multiplying the first line of this equation by C p mn and comparing the result with the second line yields two equations for the coefficients at the fermionic terms. Fortunately, 27 these two equations turn out to be the same if we set:
The first line of eq. (4.24) now takes the form
where we can recognize the fermionic Spin (7) generators, because of the identity 27) in terms of the Majorana spinor ψ,ψ = ψ † = ψ T , with the components ψ a , if we take the lower sign in eq. (2.14). Note also the related identities 
while eq. (4.26) can now be rewritten in an explicitly SO(7)-covariant form,
Eq. (4.30) determines the level k of the N = 8 algebra, by comparing the doublepole contributions on the both sides of the OPE defining the SO(7) algebra that these currents satisfy. A direct calculation gives
As a result, we get the following simple expression for the Spin(7) current T mn :
Taking the trace in eq. (4.7c) with respect to the indices M = N, and using δ M M = 8
and the obvious properties of the gamma matrices: tr(γ mn ) = tr(γ mnpq ) = 0, we find
: 34) and the related identities (4.27) together with the identity
we can rewrite eq. (4.33) in a compact and elegant form,
: The full list of the N = 8 algebra generators in the case ofk = k = 2, c 8 = 10, reads:
:Ĵ mnĴ mn : − 4 3 :ψ ∂ψ : 
7 :Ĵ aĴ a : − :Ĵ mnĴ mn : −42 :ψ ∂ψ :
Another consistent solution is to start from the non-compact real form SO(7, 1) in our Ansatz, and take its level to bek = −1/2. Using eq. (4.31), this yields the level k = 9/2 for the affine SO(7) symmetry of the N = 8 algebra, and a central charge c 8 = 360/17 according to eq. (3.5).
In both cases of consistent solutions the corresponding (1, 0) supersymmetric gauged WZNW models with the target space SO(8)/SO(7) × U(1) or SO(7, 1)/SO(7) × U(1) must therefore have a hidden non-linear N = 8 superconformal symmetry on-shell.
(ii). Because of eq. 
These two equations are only compatible if
where we have to add the additional condition γk 1 = 0 from eq. (4.21).
It is not difficult to check that there is only one consistent solution of eq. (4.43) which is compatible with the SO(7) symmetry, namely,
The first line of eq. (4.42) thus takes the form
where we have used eq. (4.27) and the eq. (4.7a) gives :
. given by This case thus corresponds to a unitary realization of the N = 8 algebra in terms of a single free boson and eight free fermions transforming in 1 and 8 of Spin (7), respectively.
4.2 A construction of the exceptional N = 7 superconformal algebra over the coset space SO(7) × U (1)/G 2
The N = 7 coset construction over SO(7) × U(1)/G 2 follows the lines of the N = 8 case considered above. In the N = 7 case, our starting point is the affine algebra SO(7)k whose commutation relations can be read off from eq. (7)/G 2 and the group
Accordingly, we get the OPÊ
We shall denote the affine factor U(1) by a bosonic currentÂ 0 (z), with the (normalised) OPE (cf. eq. (4.13)) 51) and define the 8=1+7 free fermions ψ a (z) to be (ψ m , ψ 8 ), with the OPE as in eq. (4.4).
Our Ansatz for the supercurrents of the N = 7 non-linear superconformal algebra reads as follows: 
(4.60)
We are now in a position to calculate the r.h.s. of eqs. (4.8b) and (4.8a), by using the relationk = −24k which follows from eq. (4.50), and the equations above. We find
The stress tensor T of the N = 7 algebra can be calculated from the OPE of the given supercurrents S m in eq. (4.52) along the lines of the previous subsection. Taking the trace in eq. (3.11) and using eq. (3.6), we find 
Hence, we can rewrite eq. (4.64) as follows:
:
The terms bilinear or quartic in the fermionic fields ψ m have to appear in the currents of the N = 7 algebra in a covariant form, i.e. in the G 2 -covariant combination
Some related identities are given bŷ
When using these identities and eqs. (2.11) and (2.19), we arrive at the explicitly G 2 -covariant expression for the stress tensor, namely, Each case is separately considered below.
(i). It follows from eqs. (4.61) and (4.68) that
Therefore, in order to have a non-trivial solution (k = 0), we must take The affine currents of the N = 7 algebra now take the very simple form: Eq. (3.12) for k = 3/2 yields c 7 = 89/12. The list of the N = 7 currents in this realization reads as follows: (ii). Another realization of the N = 7 algebra is possible in terms of one real boson and seven real fermions at the level k = 1. It corresponds to the following solution of the consistency equations:
The list of the N = 7 currents in this case of c 7 = 5 reads:
: (ψg mn ψ)(ψg mn ψ) : .
(4.79)
It is straightforward to check the rest of the N = 7 algebra.
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Conclusion
The main results of our investigation are given in sect. 4 where we presented explicit realizations of the N = 7 and N = 8 non-linear superconformal algebras using coset space methods. The constraints of the non-linear algebras allowed very few realizations for each algebra in the compact case, as well as an additional realization for the N = 8 algebra in the non-compact case, within our general Ansatz over specific coset spaces.
It may be possible to find other realizations by considering other more general coset spaces.
Our results could be relevant for string theory in various ways. The exceptional superconformal symmetries may arise as hidden symmetries in certain compactifications of superstring theories. For example, there exist two octonionic soliton solutions to the low-energy heterotic string theory [47, 43] . The octonionic soliton of ref. [47] is related to the Yang-Mills instanton in eight dimensions with SO(7) gauge group [48, 49] . The octonionic soliton of ref. [43] is related to the seven-dimensional Yang-Mills instanton with the gauge group G 2 , which is the only known instanton in odd dimensions [43] (see also refs. [50, 51] for some related work). The conformal field-theoretic formulations of these remarkable octonionic solitons of the heterotic string may involve the exceptional superconformal algebras.
As was shown in ref. [52] , the light-cone gauge actions of various superstring theories in the Green-Schwarz formalism have N = 8 supersymmetry. Since they are also conformally invariant, this implies that they must be invariant under some N = 8 supersymmetric extension of the Virasoro algebra. Later, the Green-Schwarz superstring was shown to have the N = 8 soft algebra [12, 13, 14, 47] as part of its constraint algebra.
Whether the Green-Schwarz superstring action has a hidden non-linear N = 8 or N = 7 40 supersymmetry of the type investigated above is an interesting open problem.
A compactification of eleven-dimensional supergravity on the 7-sphere S 7 is known to give N = 8 supergravity in four dimensions, with the SO(8) gauge invariance [53, 54] .
Similarly, the cosets S 7 × S 1 or S 7 × S 1 × S 1 could be used to compactify the elevendimensional supergravity down to three or two dimensions. Recently, it has been realized that an S 1 -compactified eleven-dimensional supergravity appears to be the low-energy effective field theory of the strongly coupled type-IIA superstring which, in turn, is related to the S 1 -compactified eleven-dimensional supermembrane [55, 56] . In general, massless non-Abelian gauge fields do not arise as Kaluza-Klein modes in consistent string compactifications. It is however possible that the 11-dimensional M-theory may have consistent compactification over manifolds with non-trivial isometry groups such as the seven-sphere. If that is the case, then the N = 8 and N = 7 superconformal algebras may be the hidden symmetries of compactifications involving the seven-sphere.
Interestingly enough, there exist Ricci-flat seven-and eight-dimensional compact manifolds with the holonomy groups G 2 and Spin(7), respectively [57] . Both the tendimensional superstrings and the eleven-dimensional supergravity compactified down to two and three dimensions (and three and four dimensions) on such manifolds have the minimal number (one) of supersymmetries in the corresponding dimension [58, 59] .
Whether or not the exceptional superconformal algebras can be related to these constructions remains to be investigated. 
